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Abstract 

Inertial effects play an important role in classical mechanics but have been largely overlooked in quantum mechanics. Nevertheless, 
the analogy between inertial forces on mass particles and electromagnetic forces on charged particles is not new. In this paper, we 
consider a rotating non-interacting planar two-dimensional electron gas with a perpendicular uniform magnetic field and investigate 
the effects of the rotation in the Hall conductivity. The rotation introduces a shift and a split in the Fandau levels. As a consequence 
of the break of the degeneracy, the counting of the states fully occupied below the Fermi energy increases, tunning the Hall 
quantization steps. The rotation also changes the quantum Hall plateau widths. Additionally, we find the Hall quantization steps as 
a function of rotation at a fixed value of the magnetic field. 
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1. Introduction 

Since the discovery of the integer quantum Hall effect 
(IQHE) in 1980 by von Klitzing et. al. [1], the two-dimensional 
electron gas (2DEG) in a strong perpendicular magnetic field 
has been a subject of intense study, both experimentally and 
theoretically. The IQHE is a macroscopic effect of solid state 
physics and it is characterized by a quantized Hall conductivity 
which is given by integer multiples of e 2 /h, where e is the elec¬ 
trical charge and h is the Planck’s constant. The quantization of 
the Hall conductivity has been measured to 1 part in 10 9 0 , 13 ]. 
This precision reveals the topological nature of the Hall con¬ 
ductivity, which does not depend on the material, geometry and 
microscopic details of the sample, and makes the IQHE very 
useful in the field of metrology. The properties of a charged 
particle in a magnetic field are important also in other fields as 
high energy physics, atomic physics and astrophysics, as was 
pointed out in |4|], which has attracted even more interest in the 
study of the IQHE. 

The Coriolis force acts on a particle of mass m very much 
like the magnetic force on a charged particle. This analogy 
has been explored by Aharonov and Carmi fill in the early 
1970’s, by Sakurai [7] in 1980 and by Tsai and Neilson 0 ] in 
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1988 in the context of a rotational quantum phase similar to 
Aharanov-Bohm’s. The idea of rotation working as an effec¬ 
tive magnetic field is in fact quite old. In 1915 Barnett 
already published a paper on magnetization by rotation which 
has recently had a renewed interest applied to nanostructures 
013. A rotational analog of the classical Hall effect has 
been proposed | O] and the inertial effects of rotation in spin- 
tronics studied | l3jljl 3 . Based on the same analogy, Dattoli 
and Quattromini II1711 . introduced Coriolis quantum states anal¬ 
ogous to Fandau levels (EEs). This analogy also appears in the 
study of rapidly rotating Bose-Einstein Condensates flill . for 
the Hamiltonian describing a rotating gas in a harmonic trap 
is similar to that for charged particles in a magnetic field. The 
subject of analogue Landau levels has been recently approached 
in the more general context of combined non-inertial, gravita¬ 
tional and electromagnetic effects by Konno and Takahashi |l9] 
who were interested on quantum states on the surface of a ro¬ 
tating star. The Quantum Hall effect under rotation has been 
discussed in more general grounds in [iS 2i |. 


The Coriolis force does not come alone. Its companion, the 
centrifugal force, will be also felt by the particle in the rotat¬ 
ing system. Together, the Coriolis and centrifugal contribu¬ 
tions to the quantum Hamiltonian lead only to a coupling be¬ 
tween the particle angular momentum and the rotation, for the 
case of a spinless particle. This gives rise to non-degenerate, 
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sample-length dependent, Landau levels [ 20, 21]. Neglecting 
the centrifugal part, besides this coupling, there appears the 
richer structure of rotational Landau levels 0. On the other 
hand, if we are free from the centrifugal force we end up with 
a Landau levels system that includes the coupling between the 
particle angular momentum and the rotation. It should be notice 
that, if a steady time variation of the rotation is assumed, then 
the Euler force should be included in the analysis. 

The system of our interest consists in a non-interacting free 
electron gas in a rotating planar conductor with a uniform mag¬ 
netic field applied perpendicular to the rotating plane. Our pur¬ 
pose is to investigate the quantum Hall effect in this system, 
analyzing the influence of the rotation in the Hall conductivity. 
Charged particles in a rotating Hall sample were already studied 
in Ref. 12111 . where it was pointed out that the quantization of 
the Hall conductivity is not affected by the rotation. However, 
as it will be shown here, the rotation breaks same degeneracy 
of the LLs and the counting of states fully occupied bellow the 
Fermi energy may change, altering the Hall quantization steps. 

The paper is organized as follows. In Sec. 2 we write out the 
Hamiltonian of a charged particle in a rotating disk in the pres¬ 
ence of a magnetic field and find the energy spectrum. In Sec. 
3 we analyze the electronic structure, showing that the rotation 
induces a shift and a split in the Landau levels. In Sec. 4 we 
investigate the influence of the rotation in the Hall conductivity. 
The paper is summarized and concluded in Sec. 5. 


2. The spinless charged particle 

Let us consider a free particle in a rotating disk with a uni¬ 
form magnetic field perpendicular to the disk [see Fig. [T). The 
Coriolis and centrifugal forces are given by 



Figure 1: A rotating disk with a perpendicular uniform magnetic field. The 
rotation speed and magnetic field vector are in the z direction. 


and 


B' = B. 


(7) 


Therefore, the Hamiltonian in cylindrical coordinates of a 
particle in a rotating disk in the presence of a magnetic field, 
with Q = Qz and B = Bz, can be written as 


H 


[p - qA — m(Q x r)] 2 m(Q x r) 2 


2m 


+ qV , 


( 8 ) 


where V and A are the scalar and vector electromagnetic poten¬ 
tials, and are given by 


V=- 


FlBr 2 

2 ’ 


-> ij f 

A = ( 0,—,0). 


(9) 

( 10 ) 


Fcor = 2m(v x Q), 


(1) Thus, the Hamiltonian can be summarized to 


and 

Fcen = —m£l x (fix r), (2) 

respectively. These forces enter the Schrodinger Hamiltonian 
as a vector and scalar inertial potential [5, 6] given by 

A ine = ^(tixr) (3) 

and 

V me = -1(3 x if , (4) 

respectively, and the Hamiltonian is written as 

1 ^ _ 9 

H = ——(p - 2 mAine) + mV ine . (5) 


P 2 9 

H = - - arp<p + fir , 

2m 

(id 

cjB 

O' — —— + fl, 

2m 

(12) 

q 2 B 2 

(13) 

fi = 

8 m 


For this Hamiltonian, the Schrodinger equation can be written 
as 

h 2 9 dil/ 9 

- V 2 if/ + iah ——h fir 2 i// ~ Ei//. (14) 

2m d(f> 

With the ansatz i// = R(r)e~ ll(f> , Eq. (fl4l) becomes 

r 2 R " + rR' + ( -cr 2 r 4 + Ar 2 - l 2 )R = 0, (15) 


A magnetic field B applied in the laboratory will be felt by 
charged particles in the rotating reference frame as an electric 
and a magnetic field given by Ill5ll 


where cr 1 = ^ and A = ^ - Q/). Writing err 2 = 4' 

and looking to the asymptotic limits when ^ —> oo and £ —> 0, 
one can propose a solution of the form 


E' = (Qxr)x B 


( 6 ) R({) = e~^u(g) . 


(16) 


2 








3. Electronic structure 


Replacing it in Eq. (fl5l ) . one gets 


d 2 u du 

^ + [1 + |,| - fl 5f + 




u = 0 , (17) 


that is a Confluent Hypergeometric Equation, which has solu¬ 
tion 


u = A-fL£+ 1 -(\1\ + D,\+\1\,Z\, 


(18) 


where A is a constant and F(a , b , z) is a confluent hypergeo¬ 
metric function, in this case, degenerate. In order to have a 
finite polynomial function (the hypergeometric series has to be 
convergent in order to have a physical solution), the condition 
a = -n has to be satisfied, where n is a positive integer number. 
From this condition, the discrete possibles values for the energy 
are given by 

E n j = hoj c in + - + ^ + - j + Ellh , (19) 


where oj c = qB/m is the cyclotron frequency. The wave func¬ 
tion is 

* = Ae-^icrr 1 ^ 

x f(-£ + l (| / | + 1) , 1 + | / | ,<rr 2 ). (20) 


One can notice that the values of B and Q are arbitrary. There¬ 
fore, one can adjust the rotation and the magnetic field for dif¬ 
ferent values. 

Considering 0 = 0 12211 . there is only the magnetic force 
acting and, therefore, we find the usual Landau levels in (fl9l) . 


E n = koj c 


" + 2 + y + 2 c 


1 

m H— 
2 


( 21 ) 


With B = 0, we have only inertial forces acting in the system. 
This was done in 1999 by B.L. Jonhson [20], who showed that 




and 


E 


Jmr)e~ ie \ 


2m 


+ £ftEl, 


( 22 ) 

(23) 


where Ji is the Bessel function and the energy spectrum is 
obteined from the boundary conditions in the disk. One can 
find this result calculating the limit of the function (l20l) when 
Z? —> 0, and extracting from the new wave function (Bessel), 
the new condition for the energy. It’s important to note that one 
cannot obtain the expression ([23]) only substituting B - 0 in our 
energy spectrum (fl9l) . because the energy must be obtained us¬ 
ing the boundary conditions that is provided by the Schrodinger 
equation. So, when we choose B - 0 in the Schrodinger equa¬ 
tion, the Bessel equation is obtained, no longer the hypergeo¬ 
metric equation. Note that for B A 0, the resulting equation is 
hypergeometric, resulting in a Landau-like spectrum that is in¬ 
dependent of the edge of the sample. It is a consequence of the 
fact that a weak magnetic field is enough to confine the wave 
function, so the edge is not important. However, with B = 0, 
there are quantized non-degenerated energy levels that are in¬ 
fluenced by the edge of the sample. 


Before analyzing the electronic structure for a general case, 
let us first consider two special choices for the rotation and 
the magnetic field. The first case is Q = which repre¬ 
sents a system that has only magnetic and Coriolis forces, i.e., 
the electric and centrifugal forces vanish. The second one is 
Q = -f§, which represents the inverse. The magnetic and 
Coriolis forces vanish, remaining only the electric and centrifu¬ 
gal forces. Then, substituting these choices in Eq. ([771) . one can 
find that the energy levels are given by 

E n . = huj c + I j, (24) 

for the first case and 

E n " = hu> c \n" + ij, (25) 

for the second case, where n' = n + j - | and n" = n + y. One 
can note that in the second case, even though with the vanishing 
of the magnetic force and without the vector potential appearing 
in the final Hamiltonian, a Landau-like quantization still exists. 


4- 


t = 


-3 


3- 


£ = -2 


E/fcto, 


2 - 


£ = -1 


t > 0 


Figure 2: The energy levels obtained from the energy spectrum d24l for n - 1. 
All the levels with t > 0 are degenerate 


The states are degenerate in both cases. One can see this by 
analyzing the numbers n ' and n" in Eqs. (1241) and (l25l) . In the 
first case, different combinations between n and £ give the same 
n\ which means the same energy. In particular, all states with 
£ > 0 for a given n are degenerate [see Fig. 0. This is what 
happens in the usual Landau levels, except that in the LLs for 
the same value of n , the states are infinitely degenerated with 
£ < 0. So, the result of the first case is the usual Landau levels 
with reversed charge. It’s important to note that the number n' 
is always integer for any combination between n and £. In the 
second case, it is also possible to obtain different combinations 
between n and £ resulting in the same value for n". One can 
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note that n" is integer or half-integer, which means that the en¬ 
ergy gap between two levels will be hu) c l 2 [see Fig. [3). All 
levels are infinitely degenerated too. Then, in the second case 
the energy levels are equivalent to the ones of the harmonic os¬ 
cillator. 



Figure 3: The energy levels obtained from the energy spectrum {25} for n= 1. 
The possible values for the energy are separated by ha> c / 2, as in the harmonic 
oscillator. 


£ = -1 and £ = 1, which does not happen at an odd integer value 
of a. There is no degenerescence among these states when a is 
not an integer. 

Therefore, as was discussed above, the rotation affects di¬ 
rectly the Landau levels, inducing a shift and a split of the states. 
The shift has no important physical consequences, however the 
split of the levels will affect, for instance, the quantum Hall ef¬ 
fect. This will be discussed in the next section. 



In order to consider the general case one can relate the rota¬ 
tion and the magnetic field as 


a= a_qB^ 
2 m 


(26) 


where a is a real number. This expression cover all possible 
combinations between B and Q. One can see that the two spe¬ 
cial cases discussed previously represent a = -2 and a - - 1, 
respectively. So, the energy levels can be written as 


E n ,t = 



(27) 


which allows us to plot the energy spectrum as a function of a , 
as done in Figs. |4] The red, green and blue lines represent states 
with £ = -1,0,1 respectively. Each line represents a value of n , 
and the lowest line is n = 0. As can be seen, the levels with pos¬ 
itive angular momentum are shifted up when a increase, while 
states with negative angular momentum are shifted down. The 
levels with null angular momentum do not change with a. One 
can see that the states with £ = 1 and £ = -1 are symmetric 
with relation to a = - 1 , which explains the fact that the spe¬ 
cial case with a = -2 is equivalent to the usual LLs («a = 0) 
with reversed charge. In consequence of this symmetry, there 
are crossings between states with £ = 1 and £ = -\ dX a = 
which mean that they are degenerate. The crossings remain at 
other integer values of a , but in these cases the degenerescence 
is between states with different values of n. When a is an even 
integer the levels with £ = 0 are degenerate with the states with 


Figure 4: The energy levels obtained from the energy spectrum {57} for l = -I 
(red), € = 0 (green) and i - 1 (blue) as a function of the parameter a. Each 
line represents a value of n and the lowest line is n - 0. When a increases, 
the energy levels with positive angular momentum are shifted up, states with 
negative angular momentum are shifted down and the levels with null angular 
momentum stay unmoved. 


4. Hall conductivity 

At zero temperature and considering that the Fermi energy 
E f is in an energy gap, the Hall conductivity can be written as 


o~h(Ef, 0 ) 


e ON 

~S~dB ’ 


(28) 


where N is the number of states below the Fermi energy and S 
is the area of the surface. The density of states is given by 


n,l 

Therefore, one can obtain A, that is given by 


N = S 


f 


n(E)dE : 


S\eB | 
h 


x n 


(29) 


(30) 


where n is the number of fully occupied LLs below E F . Thus, 
the Hall conductivity is 


cr H = ~—n . 

h 


(31) 
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One can notice that the Hall conductivity obtained here has the 
same form as in the case without rotation, in agreement with 
m. Nevertheless, due to the break of the degeneracy of the 
LLs induced by rotation, the number of states fully occupied 
below the Fermi energy may change. 



Figure 5: The Hall quantization steps as a function of the magnetic field for 
£2 = 0 (dotted line) and £2 = 50 GHz (continuum line). We are considering 
only states with € - -1,0,1 and Ep = 6.24 meV. Each step for case with £2 = 0 
becomes three when £2 + 0. 

In Fig. \5\ we plot the Hall conductivity as a function of the 
magnetic field for Cl = 0 and Cl = 50 GHz. In fact, it is plot¬ 
ted -cr H /cro, which is the number of fully occupied LLs below 
E f , where <xo = e 2 /h. When the magnetic field increases, all 
states increase their energy and begin to cross the Fermi Level, 
creating the Hall steps. It should be mentioned that we are con¬ 
sidering only states with £ = -1,0,1. In the case with = 0, 
when the magnetic field increases, the next step is always wider 
than the previous one. This is a consequence of the fact that 
the distance between two subsequent Landau levels increases 
with the magnetic field. In contrast, for Q ^ 0, the next step 
is not necessarily wider than the previous one. It is due to the 
break of the degeneracy among states with different values of £ 
introduced by rotation. So, each step, in the case with Cl = 0, 
becomes three for D + 0. Therefore, for Cl ± 0, each step is 
wider than the previous third. 

The Hall conductivity versus the rotation speed with a fixed 
value of the magnetic field is plotted in Fig. 0 Looking to the 
energy spectrum ([19b we see that when the rotation speed in¬ 
creases, states with positive values of £ are shifted up, while 
states with negative £ are shifted down. Energy levels with 
null angular momentum do not change with the rotation. Thus, 
changing the rotation there will be states crossing up and down 
the Fermi energy, enabling different behaviors for the Hall 
quantization steps. In Fig. [6] we are considering only states with 
£ = -1,0,1, as in the previous case. It is possible to see that 



Figure 6: The Hall quantization steps as a function of the rotation for B - 10 
T and Ep = 6.24 meV. When the rotation modulus is lower than 100 x 10 11 
Hz the Hall conduvtivity oscillates. For higher values of the rotation speed our 
model is not valid. 

the number of states fully occupied below the Fermi energy can 
increase, decrease or oscillate when the rotation changes con¬ 
tinuously. The negative values of D in Fig. [6| means that the 
rotation is in an opposite direction with relation to the magnetic 
field. 

At specific values of Cl there are a sharp drop in the conduc¬ 
tivity, which are represented by the vertical lines in Fig. 0 It 
happens because for these values of Cl the parameter a is an in¬ 
teger and states with £ = -1,1 are degenerate, as can be seen in 
Fig. @1 which reduce the number of states below the Fermi level. 
Then, its possible to understand Fig. 6 looking with attention 
to Fig. 4. When the modulus of the rotation speed increases 
up to values around 100 x 10 11 Hz, the Hall steps have a teeth¬ 
like aspect, independent of the direction of the rotation, which 
means that after an energy level crosses up (down) the Fermi 
energy another level crosses it down (up). For higher values of 
the modulus of the rotation speed the number of fully occupied 
levels below Ep begins to increase, in contrast to the previous 
case, where the Hall conductivity decreases when the magnetic 
field increases. 

It is important to say that for high values of the rotation speed 
our model is not valid, because here we are not considering 
relativistic effects. The velocity v in the edge of the sample is 
given by v = RCl , where R is the radius of the disk. So, in order 
to have no relativistic values of v, the radius of the disk where 
our model in valid decreases when Cl increases. 

5. Conclusion 

In this paper, we investigated the influence of the rotation on 
the quantized Hall conductivity. For this purpose, we consid¬ 
ered a rotating non-interacting planar two-dimensinal electron 
gas with a perpendicular uniform magnetic field. We verified 
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that the rotation breaks the degenerecence of the Landau levels. 
However, when the relation Q = % — is satisfied and a is an 
integer, there are degenerate states. We analyzed the electronic 
structure for all possible values of the parameter a and empha¬ 
sized two special cases, a = -2 and a = -1. It was shown 
that at a = -2 the electronic structure is equivalent to the usual 
Landau levels, but with reversed charge. Whereas, at a = -1 
the energy levels are equivalent to the ones of a harmonic os- 
cilator. We found the Hall conductivity, which is the same as in 
the case without rotation, however, due to the split introduced 
by rotation, the counting of the states fully occupied below the 
Fermi energy change. Fixing the rotation speed and plotting the 
Hall conductivity as a function of the magnetic field for states 
with l = -1,0,1, we found that each Hall step for the case with 
D = 0 becomes three when Q A 0, increasing the height of the 
Hall quantization steps. Additionally, we plotted the Hall con¬ 
ductivity against the rotation at a fixed value of the magnetic 
field. It was shown that the Hall conductivity oscillates when 
the rotation increases up to values around 100 x 10 11 Hz, for the 
values of the parameters chosen here. This happens because 
states with positive (negative) angular momentum are shifted 
up (down) when the rotation speed increases. As a perspec¬ 
tive, one can analyze the influence of rotation in the quantum 
Hall effect of novel materials such as graphene and topological 
insulators. 
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